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Abstract--This paper deals with the development of a multiple scale finite element method by
combining the asymptotic homogenization theory with Voronoi cell finite clement method
(VCFEM) for microstructural modeling. The Voronoi cell finite element model originates from
Dirichlet tessellation of a representative material element or a base cell in the microstructure.
Homogenized material coefficients for a global displacement finite element model are generated by
VCFEM analysis using periodic boundary conditions on the base cell. Following the macroscopic
analysis, the local VCFEM analysis is implemented to depict the true evolution of microstructural
stresses and strains. Various numerical examples are executed for validating the effectiveness of
VCFEM macro-micro modeling of elastic materials_ The effect of size, shape. orientation and
distribution of heterogeneities on the local and global response are examined.

I. INTRODUCTION

The last three decades have seen tremendous developments in science and technology for
heterogeneous materials. Notable among these materials are alloy systems containing
precipitates and pores, and polymer, ceramic or metal-matrix composite materials con­
taining a dispersion of fibers, whiskers or particulates in the matrix. In reinforced
composites, stiff and strong second phase inclusions of glass, graphite, boron or aluminum
oxide, etc. are added to epoxy, steel, titanium or aluminum matrices to enhance strength,
thermal expansion coefficient and wear resistance of structures. The degree of mechanical
and thermal property enhancements depends on the size, shape and properties of the second
phase inclusions as well as on their spatial distribution within the matrix. These functionally
superior materials have found increasing utilization in the aerospace, automotive and
ordnance industries for replacing some of the traditionally used structural materials. In
view of this acceptance, development of robust analytical/numerical models is evident. It is
through these models that the effect of shapes, sizes and location of second phase inclusions
on the evolution of state variables and material properties in actual microstructures of
heterogeneous materials can be investigated. Since the applied thermal and mechanical loads
are at the structural level, models should also be capable of correlating the microstructural
response with the overall macroscopic behavior. This implies the introduction of multiple
scales in the computational model for accurate analysis.

A number of analytical micromechanical models have evolved within the framework
of small deformation linear elasticity theory for heterogeneous materials. These models
predict effective constitutive response at the macroscopic level from characteristics of
microstructural behavior. Notable among them are models based on: (i) variational
approach using extremum principles [see e.g. Hashin and Strikman (1963); Nemat-Nasser
et al. (1993)]; (ii) probabilistic approach [see e.g. Chen and Acrivos (1978)]; (iii) self
consistent schemes [see e.g. Hill (1965); Budiansky (1965)]; (iv) the generalized self con­
sistent model [see e.g. Christensen and Lo (1979); Hori and Nemat-Nasser (1993)]. A
cogent review of these models is presented in Mura (1987). These models follow the idea
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Fig. I. A heterogeneous structure with various levels: (a) the global structure; (b) different rep­
resentative material elements for different points in the structure discretized by Dirichlet tessellation;

(c) a basic structural element represented by a Voronoi cell.

of equivalent inclusion methods based on eigenstrain formulation, originally proposed by
Eshelby (1958). Though most of these analytical models are reasonably effective in pre­
dicting equivalent material properties for relatively simple geometries and low volume
fraction of second phase inclusions, they are often incapable of depicting the evolution of
stresses and strains in the microstructure. Arbitrary microstructural morphology, which
are frequently encountered in actual heterogeneous materials, cannot be treated with these
models. Constitutive response of the constituent phases are also somewhat restricted and
predictions with large property mismatches are not very reliable.

In an attempt to overcome these limitations, unit cell models [see e.g. Bao et al. (1991) ;
Tvergaard (1990); Christman et al. (1989)] using computational methods like the finite
element method have become increasingly popular. These models generate effective material
response and evolution through detailed discretization of a representative volume element
(RVE) in the heterogeneous microstructure. Macroscopic periodicity conditions are
assumed on the unit cells, i.e. the microstructure is assumed to be a periodic repetition of
unit cells. Most of these models also make assumptions on local periodicity. Effectively,
the local periodicity assumption reduces a representative material element (RME) to a basic
structural element (BSE), thereby making the unit cells very simple. Despite their overall
success, the unit cell methods suffer from a few drawbacks. While periodic spatial dis­
tribution is often useful to predict optimum properties, the fact remains that real
heterogeneous structures seldom have periodic microstructures. Different global points [A
and B in Fig. I (a)], may have very different microstructural morphology. Also, micrographs
obtained for actual materials often show arbitrariness in distribution, thereby making the
assumption of local perioQicity too restrictive. Shortcomings of these assumptions are
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further enhanced in complex loading situations that cause nonhomogeneous structural
deformation with nonlinearities. To circumvent these deficiencies. unit cell models should
encompass large domains leading to enormously large computational models.

In the 1970s, an alternative mathematical theory originated for analysing charac­
teristics of heterogeneous media and was called the homogenization theory by Benssousan
et al. (1978) and Sanchez-Palencia (1980). This has proven to be a powerful technique for
the analysis of physical systems in which two or more length scales naturally exist. These are
the microscopic scale of inter-second phase spacing and the macroscopic scale characterizing
overall dimensions of the structure. Through the use of asymptotic expansions of dis­
placement and stress fields and appropriate variational principles, the homogenization
methods can provide not only the effective (homogenized) material parameters, but also
distributions of stresses and strains at the two levels. A prime advantage of this method
over the unit cell approach is that it is not restricted to making assumptions of global
periodicity, i.e. the structure can have different microstructures at different points. The
analysis, however, makes the assumption of local periodicity through the introduction of
spatially repeated microscopic cells. The finite element method has been successfully applied
in conjunction with the homogenization theory for the analysis of linear elastic reinforced
composites by Toledano and Murakami (1987), Guedes and Kikuchi (1991) and Devries
et al. (1989). Computer simulations in these studies have provided the global response in
the macroscopic structure through averaged stress/strain fields as well as the microstructural
behavior through a depiction of local stress/strain fields. The homogenization method has
been also implemented for finite deformation elasto-plasticity problems by Guedes and
Kikuchi (1990). Most of these studies have, however, made assumptions of very simple
microscopic cells, thereby identifying RMEs with simple shaped BSEs. Experiments with
actual micrographs with arbitrary dispersion, show that material deformation is con­
siderably influenced by its microstructural morphology. Current studies with the homo­
genization method have not been totally successful in depicting these characteristics. A
recent study by Fish and Wagiman (1992) has superposed microscopic displacement fields
on macroscopic fields to overcome this limitation for locally non-periodic heterogeneous
materials.

In the quest of developing a computational model for arbitrary heterogeneous
materials, Ghosh and coworkers [Ghosh and Mukhopadhyay (1991,1993); Ghosh and
Liu (1994); Ghosh and Mallett (1994); Ghosh and Moorthy (1994)] have innovated a
material based Voronoi cell finite element method (VCFEM). The VCFEM mesh evolves
naturally from a heterogeneous microstructure by Dirichlet tessellation. Tessellation of a
microstructural material element (RME) discretizes the domain into a network of multi­
sided convex "Voronoi" polygons containing one second phase inclusion at most, as shown
in Fig. I (b). A robust mesh generator to create these polygons based on shape, size and
location of the heterogeneities has been developed by Ghosh and Mukhopadhyay (1991).
In their work the multi-phase Voronoi polygons, identified with the basic structural elements
as depicted in Fig. I (c), are directly treated as elements in the finite element method. Element
formulations have been developed for linear elastic problems in Ghosh and Mukhopadhyay
(1993), micropolar thermo-elasticity problems in Ghosh and Liu (1994) and for elastic-··
plastic problems in Moorthy et al. (1994) and Ghosh and Moorthy (1994). Tessellation
methods have been used by Richmond and coworkers [Spitzig et al. (1985) ; Brockenbrough
et al. (1992); Fridy et al. (1992)] in conjunction with quantitative characterization of
micrographs obtained by automatic image analysis systems. The Voronoi cell finite element
method has the potential for establishing a direct correlation between techniq ues of quan­
titative metallography for actual heterogeneous materials microstructures and their
stress/deformation analysis.

In the present paper, a coupled multiscale two-dimensional computational model is
developed for heterogeneous linear elastic structures. The asymptotic homogenization
theory provides a basis for consistently transferring information between the two levels,
namely:

(a) microscopic information to the macro-level to generate global homogenized
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coefficients and residual stresses at each sampling point of the macroscopic finite element
model;

(b) macroscopic information to the micro-level after global analysis to compute the
distribution of stresses and strains in the microstructure.

The Voronoi cell finite element method is implemented for analysing microstructures, which
may consist of arbitrary dispersions of second phase inclusions in the matrix. A conventional
displacement based FEM code is used in global analysis at the level of overall structural
geometry and applied loads. Effect of shapes, sizes and locations of microscopic inclusions
on the structural performance and the evolution of microstructural stresses and strains are
studied through a variety of examples.

2. MICROSTRUCTURAL MODELING WITH THE VORONO! CELL FINITE ELEMENT
METHOD

Voronoi cells make rather unconventional elements due to the fact that different
elements can have a different number of sides. Application of the displacement finite element
method to an element with n nodes runs into difficulty when n > 4, because it is impossible
to ensure inter-element displacement compatibility with n-term polynomial representations.
Additionally, rank deficiencies in the stiffness matrix may result. These difficulties in rep­
resenting Voronoi cells as conforming elements have been averted by invoking the assumed
stress hybrid method introduced by Pian (1964). In this method, element stiffness matrices
are derived by assuming compatible displacement fields along inter-element boundaries and
a stress distribution in the interior of each element. Since interpolation of displacement
field is only needed along the element boundary, it is appropriate for n-sided polygonal
elements having a varying number of nodes. Stress polynomials are chosen to satisfy
equilibrium within the element. The element formulation is based on the principle of mini­
mum complementary energy. Details of this formulation may be found in Ghosh and
Mukhopadhyay (1993).

The complimentary energy functional for a Voronoi element is of the form

IT; = - iB(I1)dO+f l1"n"udaO-i l"udf',
Q(' t'.o(' It,

(1)

where 11 is the equilibriated stress field in the element domain On U is the compatible
displacement field on the element boundary ao" with an outward normal n, l is the prescribed
traction field on C , the element boundary that coincides with global traction boundary.
For linear elastic p;oblems, the complimentary energy density B(I1) takes the form

B(I1) = HI1} T[S]{I1}, (2)

where SUkt are components of the elastic compliance tensor. In applying the finite element
method, the assumed stress field need not be continuous across the inter-element boundaries
but equilibrium must be maintained with surface tractions Ii defined by

(3)

In the application of variational principles, the equilibriating stress field is expressed as a
polynomial in the interior of the element as

{11} = [P]{P} in On (4)

where, for two-dimensional problems, {11} is a column vector of three stress components,
{P} is a column of m undetermined stress coefficients PI' P2' . .Pm and [P] is a 3 x m matrix
containing functions of cuordinates x, y corresponding to the chosen polynomial. The
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prescribed boundary displacements {u} can be interpolated from the generalized dis­
placement {q} at the nodes, in the form

{u} = [L]{q} III ann (5)

where elements of the matrix [L] are functions of boundary coordinates. Stationarity of
II; with respect to stress coefficients, i.e.

yields

where

all; = 0 C I 28fJi or i = , .. .m,

[H]{P} = [G]{q},

[H] = L[P]T[S][P] dn

[G] = In,[P]T {n}[L] dr.

(6)

(7)

Substitution of {P} in the expression for complementary strain energy Il E = (LeIl(~) for
the entire domain and setting the first variation JilE = 0 gives

[K]{ q} = {f},

where the element stiffness matrix is written as

and the load vector is denoted as

{f} = Ll' {I} T {L} de

(8)

(9)

The stiffness matrix [K] will be rank deficient if its rank is less than n -I where n is the
number of degrees of freedom and I is the number of rigid body modes. The necessary
condition for [K] to have sufficient rank is m ~ n-l, where m is the number of independent
fJ-stress coefficients. Furthermore, if the assumed polynomials are complete, rotational
invariance of the stiffness matrix is assured. The interpolation matrix [P] can be readily
obtained by assuming variable degree complete polynomials for the Airy's stress function
in plane problems. For example, in two dimensions, stresses resulting from third-order
polynomials with no body forces can be delineated as

(T I I

~ r~
X 2 0 0 0 XI

(J 22 0 1 XI 0 0

(T 12 0 0 0 I -X2

(10)

where the components are expressed in a rectangular Cartesian coordinate system Xi. In
this case there are seven fJ-terms in the stress polynomial and, hence, the [P] matrix can be
used for elements having up to five nodes. For elements with a higher number of nodes, it
is necessary to increase the number of fJ-terms to get rank sufficiency of the stiffness matrix.
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The matrix [P] corresponding to 12 and 18 p-terms are given in Ghosh and Mukhopadhyay
(1993). The displacements on an element boundary can be interpolated by using a linear
function. For the ith side of an element

{

U 1} [I-a/Ii
{u} = U2 = [LJ{q} = 0

o a/Ii

I-a/I, 0
(11 )

where I, is the length of side i, a is the distance of a boundary point from the ith node and
{q} corresponds to the generalized displacements at nodal points. The effectiveness of this
formulation has been elucidated by numerical examples in Ghosh and Mukhopadhyay
(1993) and Ghosh and Mallett (1994).

2.1. Composite Voronoi finite elements with inclusions
A composite Voronoi element formulation is developed for incorporating the effect of

an embedded heterogeneity in the matrix of an element [see Fig. I (c)]. The approach is based
on the consideration of multiple phases through the introduction of traction continuity
constraint at the matrix-inclusion interface. Along a bonded interface 00" the stress and
strain fields may be discontinuous, while the displacement and traction fields are assumed
to be continuous. Discontinuity in the stress field is introduced by way of permitting jumps
in the coefficients of the interpolating stress polynomials. The element complimentary
energy functional IT" in eqn (1) is enhanced to ensure traction continuity constraint along
the matrix-inclusion interface through the use of Lagrange multipliers. The traction com­
patibility condition on the matrix-inclusion interface can be expressed as

((1'" -(1'). n = 0 on cO" (12)

where n is the unit normal on DO, into the matrix phase. Contrary to the homogeneous
element, assumptions in a heterogeneous element are made on a stress field (1'" in the matrix
part of the element 0" - 0, and a stress field (1' in the inclusion 0C' These stress fields (1"'

and (1' are a priori assumed to satisfy equilibrium in 0,,-0, and 0" respectively, but not
necessarily on cOc' The discontinuous stress fields in an element may be expressed as

{(1} = [P]{fJ+L(x)fJ'} in 0" (13)

where [P] is the interpolation matrix discussed previously, {In corresponds to the additional
polynomial coefficients that project jumps in the stress values, and L(x) is a position­
dependent step function defined as

L(x) = 0 'v'XEO,,-Oc

= 1 'v'XEOc'

A compatible displacement field u' is also assumed on the interface cOc as

{u'} = [L]{q'} in cOc. (14)

The element complimentary energy functional in eqn (1) is modified to accommodate the
interface traction constraint (12) as
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IT; = IT e -f ,((1111 _(1C), n' u' dn
an(

33

(15)

and, consequently, the total energy functional for the heterogeneous domain is expressed
as

(16)

Variation of IT;: with respect to u' yields the a posteriori traction compatibility condition
(12). First variation of IT;, with respect to the stress coefficients {P} and {P'}, respectively,
yields the following eqns (17) and (18) given as

[Hcl{P+P'} = [Gcl{q'},

where the matrices have the following forms:

[He] = fn, [P]T[S(X)][P] dO

[G e] = In,[p]T{n}[L] dr

[He] = L,[P]T[S(X)][P] dO

[G e ] = In[p]T{n}[L] dr.

(17)

(18)

Equation (17) corresponds to the strain--displacement relations for the entire Voronoi
element while eqn (18) gives the same relations for the inclusion alone. Additionally,
variation of the total energy functional (16) with respect to {q} and {q'}, respectively, yields
the equations

where

[G,F {P'} = {O},

{f} = ln, {i} T {L} dr.

(19)

(20)

Equation (19) corresponds to the inter-element traction reciprocity on ane - r l , - r u, where
ane and r, are explained before and r u corresponds to that part of an element boundary
where displacement is specified. Equation (20) implies the interface traction constraint
given in eqn (12). Substituting eqns (17), (18) and (19) in eqn (15) yields a matrix equation
of the form
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(21)

In solving eqn (61) for the displacements and stresses, special care must be exercised to
remove additional rigid body modes that are introduced by the interface displacement field
{q'}. Details of this procedure and the forms for [K]s are presented in Ghosh and Moorthy
(1994).

3. HOMOGENIZATION METHOD WITH MICROSTRUCTURAL VCFEM

Consider an elastic composite body occupying a region 0, for which the microstructure
constitutes spatially repeated heterogeneous base cells, as shown in Fig. 1(b). The body is
subjected to a system of body forces f, surface tractions t on the boundary r" and prescribed
displacement fields on the boundary ril" In real heterogeneous materials, dimensions of the
base cell of characteristic length I are typically very small compared with the dimensions of
the body of characteristic length L. The ratio of these microscopic and macroscopic scales
IIL is represented by a very small, positive number £. When subjected to structural level
loads and displacements, the resulting evolving variables, like deformation and stresses,
vary from point to point in the macroscopic scale x of the body. Furthermore, a high level
of heterogeneity in the microstructure causes a rapid variation of these variables in a small
neighborhood I; of the macroscopic point x. This corresponds to a microscopic scale X/I;

and, consequently, all variables are assumed to exhibit dependence on both length scales,
i.e. cD' = cD(x, X/B). The superscript I; denotes the association of the function with the two
length scales. In this notation, 0 ' denotes a connected domain that extends the structural
domain to its microstructure. Mathematically speaking,

0 ' = {x EO 0 : 0 G) = I}, (22)

in which 0(y) = I when y lies in the microscopic base cell. In most of the work on
homogenization theory [see e.g. Guedes and Kikuchi (1991) ; Devries et al. (1989) ; Guedes
(1990) ; 01einik et al. (1992)], a periodic repetition of the microstructure about a macro­
scopic point X has been assumed, thereby making the dependence of the function on
y = (x/B) periodic. This characteristic is often termed as Y-periodicity, where Y corresponds
to a base cell. The elasticity tensor E1ikl and compliance tensor S1,kl in the connected domain
are expressed as

(23)

(24)

It is assumed that the stress and displacement fields satisfy the equilibrium equation,
kinematic relation and the linear elastic constitutive relations, given as

(J:'.} = -{; in 0"

" 1 (aUk, oU;,') £,\r
ekl =:2 ~ +~ In .l

oX t UXk

(25)

(26)

(27)

where u' = u'(x, y) is a Y-periodic displacement field in y. Furthermore the boundary
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conditions are assumed to satisfy the following equations on the prescribed traction and
displacement boundaries, respectively:

(jill i = Ii on I,

u; = Cii on 1",

(28)

(29)

where n is the unit normal to the boundary. In homogenization theory, the V-periodic
displacement field is approximated by an asymptotic expansion about a global coordinate
x as

x
y =-.

8
(30)

Noting that the spatial x derivative of any function depending on the two length scales is
given as

a (( X)) cl<D I a<D-. <D xy=- =-+---
i'x; , c i'xi 8 aYi'

the strain tensor may be expressed as

Substituting this in the constitutive relation (27), the stress field (J' can be expanded as

where

~ (l

(l ,euk
(Ju = EUk'-"'.-.

vI'. ,

(31 )

(32)

(33)

(34)

Putting the expansion of ([:/ (33) in the equilibrium eqn (25), and setting each coefficient of
8' (i = - 2, - 1,0, 1,2 ... ) to zero, results in the following set of equations:

(35)

(36)

(37)

SAS 32: l-C
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The first eqn (35) leads to the trivial value for (TJ~' and therefore UO is only a function of x,
as shown in Devries et al. (1989), i.e.

and U? = u,o(x). (38)

Substituting this condition in eqn (36) leads to the Y domain equilibrium equation

(39)

In the expression for (Ti~ in eqn (34), the term auZ lexi is simply a constant with respect to
the differential system y. Due to linearity of the problem, (Ti~ and ui can be expressed in the
following forms:

where

~ 0
I kl aUk

ui = X(Y)i -a.,
XI

(40)

o&U(y) = 0
aYi

(microscopic equilibrium) (41)

(microscopic constitutive law). (42)

In eqn (40), &Z' is a V-antiperiodic function and X;' is a V-periodic function, while TZ'in
eqn (42) is a fourth-order identity tensor expressed as

(43)

The set of eqns (41) and (42) determine the vector X(y)f to within an additive constant.
Equation (39) may be solved for tTl as

For a Y-periodic function <1> = <1>(x, y), the mean value may be defined as

<<1» = I~ I Iv <1>(x, y) d Y.

(44)

(45)

The mean of eqn (44) yields the macroscopic homogenized elastic coefficients in the form

(46)

Taking the mean of eqn (37) in Y leads to an averaged the global equilibrium equation,
given as



Multiple scale analysis of heterogeneous elastic structures

C<(Jl)
_~_'J_ +f, = 0 in Q.

ox)

37

(47)

Note that the above eqn (47) is now valid for the macroscopic domain Q. Thus, in the
macroscopic domain, the mean stress 1: = <(11) and displacement fields UO are the solutions
to the elasticity problem delineated as

~L(l = _}; on Q
ox)

(48)

3.1. Coupling with microstructural VCFEM
Homogenization method is now applied in conjunction with the Voronoi cell finite

element method to couple global-local analysis. The VCFEM is used to model an arbitrary
base cell which is identified with a microstructural representative element, as depicted in
Fig. I(b). The formulation presented in Section 2 is modified for identification of the
VCFEM model as a true microstructural model in the homogenization method. Conse­
quently, the base cell V represents a VCFEM domain with a boundary av. The base cell is
now tessellated into N Voronoi cell elements, each encompassing a region Ye and comprising
of a boundary aYe with outward normal n [Fig. 1(c)] and a composite boundary aYe• The
equilibriated stress field is identified with the Y-antiperiodic microscopic stress function a
in eqns (41) and (42) with e(a) as corresponding strain field in Y,n Also, the element
boundary displacement field is identified with the V-periodic microscopic displacement field
X, that is assumed to be compatible on the element boundary aYe and x', the displacements
on the composite interface aYe• In the absence of traction boundary conditions, com­
plimentary energy functional in eqn (I) can be modified for each Voronoi element as

where all variables have the same interpretations as stated before. Stationarity condition
of the energy functional O;! with respect to a yields the strain-displacement relations as a
Euler equation

(50)

It should be noted that eqn (50) is exactly the same as eqn (42), written with the elastic
compliance tensor. The total energy functional for entire base cell domain is obtained by
adding the element contributions as

N

Ilk/(a, X) = L: O;!.
e=1

(51)

Stationarity of this functional with respect to displacements X results in the inter-element
traction reciprocity condition
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(52)

where superscript + and - denote values at opposite sides of the inter-element boundary
aYeo Stationarity of this functional with respect to the displacement X' results in the interface
traction constraint

fjm on = fje on on aYe'

The complete microscopic boundary value problem is specified by:

(53)

(i) Euler equations (50), (52) and (53) ;
(ii) assumed equilibriated stress fields in Ye satisfying CJt~i = 0 in the absence of body

forces;
(iii) assumed compatible displacement fields in aYe and aY,
(iv) stress-strain relation e,~{ = S:jpmCJ;~"

The scope of the present paper is confined to two-dimensional problems, for which the
stresses and strains have three components each. Consequently, three separate VCFE
analyses have to be conducted in applying the asymptotic homogenization method. Each
analysis generates the microscopic response of a base cell for a given uniform state of a
macroscopic strain component. A subscript i, where i = 1,2, 3, has been used to distinguish
these analyses in the ensuing treatment. For example, a subscript 1corresponds to a uniform
macroscopic strain e?h 2 corresponds to e~2 and 3 corresponds to e?2' Using a vector form
of parameters in eqn (49), the energy functional for the ith analysis can be rewritten as

(ile)i = - LHu}![S]{u}i dY+ f'Y,{UL[nJ {XLday

+ L{U}!{TLdY- fH.,({Um}-{u'})l[n1{X'Lday" (54)

where {u} is a column of stress components {CJ7\,CJ~i,CJ7ir, {X} has the components
{x71

, Xn T and {T} is a vector form of Ttl according to the definition in eqn (43). By making
the same assumptions for the equilibriated stress field and compatible displacement field as
in eqns (13) and (14), i.e.

{U}, = [Pl {fJ+L(x)fJ'L in Ye

{Xli = [L]{q); in aYe

{X'L=[L]{q'L in aYe

and substituting in eqn (54), the element energy functional takes the form

(55)

(ile)i = - LHfJ+L(x)fJ'}l[P1T[S][P]{fJ+L(X)fJ'LdY

+ Jy, {fJ} ![P1T[n][L]{qL day+L{fJ + L(x)fJ'} ![pJT{TL d Y

+ Ly,{fJ'}![P1T[n][L]{q'LdaYe (56)

or
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(IIe)i = - Hp}T[He]{P} ,- {P} l[Hcl {P'L - HfJ'}T[Hel {fJ'L

+ {fJ} 1[Gc]{qL+ {P'} 1[Gcl {q'L+ {fJ} T{DL+ {fJ'} T{DeL (57)

where [HeJ, [Hel, [Gel and [Gel are defined in Section 2 and

{DL = t,[PlT{TLdY

{DeL = J.[Pl
T {T} i dY.

Y,

Stationarity of (IIe)i with respect to {P} i, and {fJ'} i> respectively yield

[Hel {fJL+[HJ{fJ'L = [Ge]{qL+{DL

[Hcl{fJ+P'}i = [Gel {q'L+ {DeL·

Showing eqn (59), {fJ} i and {fJ'L are obtained as

(58)

(59)

{fJL = [Hml- I ([Gel {qL- [Gc]{q'L+ {D}i- {Dc}')

{P'L = ([HJ -I + [Hml -1)([Ge]{q'L+ {DC}i) - [Hml- I ([Ge]{qL+ {D}i)' (60)

Substitution of {P} i and {P'} i in the energy II = (LeIIc) for the entire domain, and
setting first variation c5II = 0, gives

where [Kl are given in Ghosh and Moorthy (1994) and the load vector is given as

{fIL= -[GelT[H"J-I({D}i-{Dc },)

{f2 }i = - [G,r ([Hml -I + [HJ -I ){Dc}i+ [GclT[Hml- 1{DL.

(61 )

(62)

The stiffness matrix [Kl in eqn (61) is independent of the macroscopic strain field. Solution
of eqns (60) and (61) yields the values of {fJ} i, {P'} h {q} iand {q'} i which are then substituted
into eqn (55) for the microscopic stress functions O'ib 0'22 and 0'12' The mean value of these
functions are obtained from eqn (46) to generate the homogenized elastic coefficients [El H

•

The homogenized elastic problem of eqn (48) can then be solved to get the macroscopic
stress and strain fields p:} and {eo}, respectively. At a given point x in the macroscopic
domain n, the microscopic stress {ul}(x, y) is calculated by using eqn (40) in a matrix form
as

3.2. Numerical implementation
A number of numerical details have to be considered in the construction of a multiple

scale computational model using the microstructural VCFEM model. In this section, a few
salient features are discussed.

Incorporating the periodicity boundary condition. An essential step in computing the
homogenized material properties for a base cell is to ensure repeatability boundary
conditions. Irrespective of the shape and size of the base cell, this condition must be enforced
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to represent periodic displacements of the microstructural boundary. As an example, if the
base cell is a square, identical displacement functions must be specified for corresponding
nodes (equidistant from a coordinate axis) on opposite edges. Implementing the repeat­
ability boundary condition for a regular finite element mesh is straightforward, since a
uniform mesh can be generated to have the correspondence between boundary nodes on
opposite faces. However boundary nodes generated by Dirichlet tessellation in creating the
Voronoi mesh are, in general, quite arbitrary and such a correspondence cannot be easily
identified. A method which involves the representation of nodal boundary displacements
by a suitable polynomial function is thereby implemented for enacting the repeatability
conditions. In the tessellation method, a (p - I)th order polynomial is chosen for the
displacements, where p corresponds to the highest number of boundary nodes between the
two opposite faces. That is, if one face has five nodes while the opposite side consists of six
nodes, a fifth-order polynomial function is chosen. The edge nodal displacements are then
written as

(64)

where u" V" U2, V2' .. are nodal displacements and x], Yh Xb Y2 ... are boundary coordinates.
These lead to displacement constraints that are implemented in the matrix equations prior
to solving. It should be noted, that the polynomial representation in enforcing periodic
boundary conditions effectively replaces the assumed displacement functions (55) for nodes
on the domain boundary. This method has been very effective in enforcing the repeatability
conditions.

The macroscopic finite element model. After calculating the homogenized material
coefficients at a given macroscopic point x by VCFEM, the homogenization method
requires the solution of the global problem given in eqn (48) with a macroscopic finite
element model. In this work, the commercial code ANSYS is used for this purpose.
Orthotropic elastic homogenized coefficients calculated from VCFEM are input as material
properties in the ANSYS input file. Solution of the global problem yields the values of
macroscopic displacements UOand stress and strain fields {:E} and {eO}, respectively.

Evolution ofvariables in the microstructure. Following the global solution, global strain
{eO} and the {ll} I, {Ph and {Ph parameters are used to calculate the microscopic stress
{q'}. An advantage of VCFEM over conventional FEM models is that once the {P} is are
known, microscopic stresses can be very easily computed at any point in the microstructure
using eqn (63).

4. NUMERICAL EXAMPLES

The numerical examples are subdivided into two parts. In the first part, results obtained
from the VCFEM based homogenization method are compared with established numerical
results of Fish and Wagiman (1992), Guedes (1990) and experimental results of Lynch
(1975), and also with the results of a Galerkin finite element model based homogenization
program (HOM02D), developed from the work by Guedes (1990). In the second part, the
effect of size, shape, orientation and location of the heterogeneities on the macroscopic and
microscopic variables are examined by the VCFEM based homogenization program.
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(a)

~-1-

(c)

(b)

(d)

Fig. 2. Base cell with a single circular inclusion: (a) and (c) VCFEM mesh for 30% and 60% volume
fractions; (b) and (d) HOM02D mesh for 30% and 60% volume fractions.

4.1. Validation of the homogenization model
In testing the accuracy of the VCFEM based homogenization model, two different sets

of variables are checked. The first is the predicted values of homogenized material constants
for a given base cell in the pre-processing part of the module, while the second corresponds
to verification of stress distribution in the microstructure, following the solution of the
macroscopic problem.

Example I. In this example, homogenized coefficients are evaluated for microstructural
cells containing different volume fractions (30,40, 50, 60%) and distributions of circular
inclusions. Isotropic constituent material properties are specified for a boron-aluminum
composite system as

Boron fiber:
Young's modulus (EJ: 400 GPa
Poisson ratio (v e ) : 0.3

Aluminum matrix:
Young's modulus (Em) : 72.0 GPa
Poisson ratio (v"J : 0.3333.

Results presented in Guedes (1990) are also for this material. Two distinct distributions are
considered in this example. In one case, the base cell consists of a centrally located single
circular fiber, the diameter of which is changed to correspond to various volume fractions.
Figure 2 is a depiction of the VCFEM mesh and the Galerkin FEM mesh (HOM02D) for
two different volume fractions (30% and 60%) of this base cell. It should be noted that the
VCFE model in this case consists of a single composite element. Convergence of this model
is tested by conducting numerical experiments with 18 and 25 un parameters for the stress
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(a)

(c)

(b)

(d)

Fig. 3. Base cell with random dispersion of circular inclusion of different volume fractions: (a) 30% ;
(b) 40%; (c) 50%; (d) 60%.

interpolation in eqn (4). For the HOM02D model, 448 (for 30%, 40%), 416 (for 50%)
and 540 (for 60%) QUAD4 elements are used to discretize the base cell, In the other
case, a random dispersion of circular fibers of different volume fractions constitute the
microstructure. This microstructure has been modeled only by VCFEM, where the Voronoi
elements consist of a single inclusion each. The corresponding Voronoi cell meshes for
different volume fractions are shown in Fig. 3.

Homogenized material constants of the base cell are conducted for an orthotropic
material characteristic under plane stress conditions. Predictions of VCFEM and
HOM02D are compared with results in Guedes (1990) and an experimental result by
Lynch (1975). These comparisons for the Young's modulus in the one-direction (E l ) are
shown in Fig. 4. The results show very good agreement between VCFEM and HOM02D
results, even though the number ofelements in the HOM02D mesh Was orders ofmagnitude
larger than the VCFEM mesh (only one element for the single inclusion). Furthermore, the
VCFEM results converged rapidly to the HOM02D results with increased {fJ} parameters.
Discrepancy with the results in Guedes (1990), which exhibit slightly higher values, may be
accounted for by the fact that the latter was essentially a three-dimensional analysis. Values
of the homogenized constant (E I ) for the randomly dispersed microstructure are lower than
those for the single inclusion but are closer to the experimental results of Lynch (1975).
This indicates that homogenized properties derived for random microstructures are in
better agreement with real materials.

Example 2. In this example. homogenized coefficients as well as stress distributions in
the microstructure are evaluated by VCFEM and compared with results from HOM02D
and also of Fish and Wagiman (1992). Two representative material elements, consisting of
short and long fibers with rectangular cross-sections are considered. The material properties
arc a boron-alum i "".· . 'n1nm;tt> sYstem. with constituent properti,
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Fig. 4. Homogenized material properties with different volume fractions.

Boron fiber:
Young's modulus (EJ: 400 GPa
Poisson ratio (vJ: 0.2

Aluminum matrix:
Young's modulus (Em): 72.5 GPa
Poisson ratio (vm ) : 0.33.

Dimensions of the heterogeneities in the base cells are shown in Fig. 5. For the short fiber
inclusions, the volume fraction of heterogeneities is 0.375, while that for the long fiber is
0.5. The VCFEM and HOM02D meshes for these problems are depicted in Fig. 5. For the
short fiber, the VCFEM consists of four elements and for the long fiber case, only one
element is required. The HOM02D mesh consists of 1600 elements for both cases. The
number of {fJ} parameters for the stress interpolation in the VCFEM is 18. Table 1 shows
a comparison of homogenized material properties of short fiber base cell between VCFEM
results and those by HOM02D, a global-local FEM analysis by Fish and Wagiman (1992)
and a self consistent model by Hashin (1970). In this case homogenized material properties
calculated by VCFEM are slightly different to those from HOM02D and Fish and Wagi­
man (1992). The small differences [Ell 11 (2%), E2222 (7.5%), El212 (0.8%), EII22 (5%)]
are acceptable, considering that large degrees of freedom are necessary for the comparison
models. It is expected that higher order stress interpolations would improve the agreement.
The agreement is even better for the long fiber base cell, as given in Table 2. It can be
generally said that the results by HOM02D converged to the VCFEM results with increas­
ing mesh refinement.
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(b)

(c)

1.0

(d)

Fig. 5. Microstructure with rectangular heterogeneities: (a) short fiber mesh for VCFEM; (b) short
fiber mesh for HOM02D; (c) long fiber mesh for VCFEM; (d) long fiber mesh for HOM02D.

The macroscopic structure solved with these microstructures is a thin composite plate
with a centered hole. Because of symmetry only a quarter of the plate is modeled. The
geometry, loading and boundary conditions are shown in Fig. 6. Dimensions of the plate
are height (h = 1.5), width (w = 1.0) and radius of hole (c = 0.1) ; c/w is chosen to be 0.1.
The value of applied pressure is set to 1.0. The maximum macroscopic stresses in the
structure for the two different microstructures at a point A (lower left corner), are presented
in Table 3. Excellent agreement is obtained between VCFEM and HOM02D. Figures 7 and
8 illustrate the macroscopic stress distributions and the distribution in the microstructure at

Table I. Comparison of homogenized material properties for short fiber model

VCFEM HOM02D Fish and Wagiman (1992) Self consistent

EIIII (GPa) 118.807 122.4 122.457 132.491
E2222 (GPa) 139.762 151.2 151.351 205.753
EI2l2 (GPa) 42.440 42.10 42.112 51.384
EI122 (GPa) 38.052 36.23 36.191 36.191

Table 2. Comparison of homogenized material properties for long fiber model

VCFEM HOM02D Fish and Wagiman (1992) Self consistent

EIIII (GPa) 136.137 136.1 136.147 165.548
E2222 (GPa) 245.810 245.8 245.81 247.575
EI212 (GPa) 46.8498 46.85 46.85 64.887
EI122 (GPa) 36.071' 36.08 36.076 42.048
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Fig. 6. Macroscopic FEM model for a plate with a hole.

a global point A, obtained by VCFEM. In the global structure, the homogenized macro­
scopic stress (J, has a maximum value at the point A. In the corresponding microstructure,
the maximum micro-stress is 70°/., higher than this macroscopic stress. Microscopic stresses
are higher in the fiber compared to the matrix material because of the higher value of
Young's modulus. For the short fiber case, maximum (J, predicted by VCFEM is 5.5 GPa
and that by HOM02D is 5.75 GPa, which compare well with the results of Fish and
Wagiman (1992) (5.75 by superposition and 5.6 with a strongly refined mesh). In Figs 9
and 10, the distribution of (Jy along a horizontal section is plotted. The long fiber VCFEM
results are in very good agreement with HOM02D. Though the overall comparison is also
good for the short fiber case, VCFEM results show stress jumps at the element boundaries
due to the satisfaction of inter-element tractions in a total sense.

4.2. Effect of microstructural morphology on homogenized coefficients and microscopic
variables

To study the effect of size, shape, orientation and location of second phase on the
global-local behavior, five different material elements are analysed by the VCFEM. These
base cells have the same second phase volume fraction but differ in size, shape and orien­
tation. The microstructures shown in Fig. II, can be classified as follows:

(i) elliptical inclusions with constant major and minor axes, having random orien­
tation:

(ii) elliptical inclusions with constant major and minor axes, with horizontal major
axes;

(iii) elliptical inclusions with constant major and minor axes, with vertical major axes;
(iv) circular inclusions with constant radius:
(v) inclusions of random shape and size, with random orientation.

The locations of the inclusions are arbitrary for all these microstructures. Constituent
material properties are the same as in Example I of Section 4.1. Histograms, representing
quantitative characterization of each microstructure, are shown in Figs 12 and 13. The
inclusion to polygon area ratio is almost similar for cases (i)-(iv), except for case (v), for
which the distribution has a wider range. Table 4 shows the homogenized material properties
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Fig. 9. Stress (a,) distribution along the middle section of the short fiber base cell.
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Fig. 10. Stress (0',) distribution along the middle section of the long fiber base cell.
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(a)
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Fig. 11. Representative base cells for arbitrary dispersion with 20% second phase volume fraction:
(a) random orientation; (b) horizontal orientation: (c) vertical orientation: (d) circular fiber; (e)

random shape, size and orientation.

Table 3. Macroscopic stress values at point A

(J,(GPa)
(J,(GPa)
(J,,(GPa)

Short (YCFEM)

0.13314
3.1950

-0.06965

Short (HOM02Dj

0.13317
3.2874

-0.0700

Long (YCFEM)

0.13191
3.7152

-0.07185

Long (HOM02D)

0.1319\
3.7152

-0.07185

for each microstructure computed by YCFEM. It is interesting to note that all the micro­
structures predict nearly identical values of material properties. Also, it can be seen that
the homogenized behavior is nearly isotropic, which confirms experimentally observed
phenomena for arbitrary dispersed microstructures. Case (iii) shows a slight difference
between £1 and £2' indicating a stronger material response in the one-direction. Also, case
(v) predicts little higher constants than case (i) because of the bigger size of the second
phase.

For global analysis, a cantilever beam bending problem is solved with each of the
homogenized material coefficients. Figure 14 shows the macroscopic FEM model. A point
load of 1 GPa is applied at the free end. Though macroscopic stresses are similar for
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Fig. 12. Histograms of inclusion to neighboring polygon area ratio for different distributions:
(a) random orientation; (b) horizontal orientation; (c) vertical orientation; (d) circular shape;

(e) random shape and size.

Table 4. Homogenized material properties for different distribution of elliptic fiber

Properties EI (GPa) E2 (GPa) GI2 (GPa) V l2

Ellipse with random orientation 89.22 89.70 33.38 0.3338
Ellipse with horizontal orientation 89.53 89.06 33.36 0.3277
Ellipse with vertical orientation 88.65 90.16 33.31 0.3234
Circular 89.47 89.46 33.40 0.3263
Random shape and orientation 89.78 90.16 33.53 0.3245
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Fig. 13. Histograms of mean near neighbour distance for the different distribution: (a) random
orientation; (b) horizontal orientation; (c) vertical orientation; (d) circular fiber; (e) random shape

and size.
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Fig. 14. FEM model for cantilever beam bending.
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Table 5. Comparison of maximum microscopic and macroscopic stress for different distribution of elliptic fiber

Random Horizontal Vertical Circle Random shape

Micro-stress (GPa)
Macro-stress (GPa)

41.32
30.688

49.36
30.684

41.54
30.693

46.49
30.686

45.65
30.683

all cases [(i)-(v)], because of near identical material properties, the microscopic stress
distributions vary significantly with the morphology. Figures 15-19 show a comparison of
effective macroscopic stress and microscopic stress distribution at point A. At this point
(upper left corner) a maximum effective stress is expected. The maximum stresses in the
microstructure are 30% to 60% higher than maximum homogenized stresses in the overall
beam. The comparison is presented in Table 5. For this problem, the horizontally oriented
microstructure experiences higher stress than the vertically orientated microstructure. This
exhibits the possible design of microstructures for minimizing stresses. Figures 20-22 show
plots for the effective stress along three sections in Fig. II (a) for each microstructure.
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Fig. 20. Microscopic effective stress distribution along a section··-l.
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5. CONCLUSIONS

In this study, a microstructural Voronoi cell finite element method is coupled with the
homogenization method for performing multiple scale analysis of heterogeneous structures
with arbitrary microstructures. The microscopic Voronoi cell finite element model is created
by Dirichlet tessellation of representative material elements or base cells. The coupled
model projects a strong analysis tool for finding effective (homogenized) material properties
as well as distributions ofevolving macroscopic and microscopic variables. The stress based
formulation of VCFEM makes the homogenization procedure simple and efficient.

Numerical examples conducted with the VCFEM conclusively prove the effectiveness
of this method when compared with homogenization results of conventional finite element
analyses, such as HOM02D. Furthermore, it possesses tremendous advantages in dis­
cretizing complex microstructural models and results in a significantly reduced degree of
freedom. Considering the large discrepancy in the number of elements, VCFEM shows
very good accuracy. Though exact CPU time comparisons have not been made, it is
generally observed that VCFEM is considerably more efficient. In conclusion, it may be
inferred that the advantages in treating complex material morphologies with VCFEM
makes it a very suitable candidate for analysing real materials. This is demonstrated in the
experiments, where the random microstructure shows better agreement with experiments.
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